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Abstract
In this paper we consider a new approach to studying Kundt spacetimes
through G-structures. We define a Lie-group GN such that the GN -structures
satisfying an integrability condition and an existence criterion, which we call
Kundt structures, have the property that each metric belonging to the Kundt
structure is automatically a Kundt spacetime. We find that the Lie algebra of
infinitesimal automorphisms of such structures is given by a Lie algebra of nil-
Killing vector fields. Lastly we characterize all left invariant Kundt structures
on homogeneous manifolds.
1 Introduction
Kundt spacetimes [2, 14, 13], have been seen to form an important class of spacetimes
for the study of scalar curvature invariants on Lorentzian manifolds. In [6] and [7]
the authors identified a large subclass, the degenerate Kundt spacetimes, for which
there exists smooth deformations of the metrics leaving the scalar curvature invariants
fixed while going outside the orbit of the metrics. Conversely, they also showed that
in dimension four, any Lorentzian metric having such a deformation must belong to
the degenerate Kundt class. They key feature which gives rise to degeneracies in
the scalar polynomial curvature invariance is the presence of some null-direction, for
which the curvature tensor and all its covariant derivatives are of type II. An open
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question of current interest is whether all such metrics in arbitrary dimensions belong
to the Kundt class.
Another interesting aspect is the rich connection between Kundt spacetimes and
CSI metrics, defined as metrics for which all scalar polynomial curvature invariants
are constant across the manifold. In [6] the authors proved that a four-dimensional
Lorentzian manifold with constant scalar curvature invariants, is either locally homo-
geneous or a Kundt spacetime. In [3], [4] and [5] they found necessary and sufficient
equations for Kundt metrics in dimension three and four to be CSI. This classifi-
cation shows examples of Lorentzian CSI metric which do not contain a single local
Killing vector field, in sharp contrast to the Riemannian signature, where any CSI
metric is automatically locally homogeneous.
Locally homogeneous metrics can be characterized by having a locally transitive
collection of Killing vector fields. In [8] the author, in an attempt to give a similar
characterization of CSI metrics, gave a generalization of Killing vector fields, the nil-
Killing vector fields, defined by requiring that the Lie derivative of the metric gives
a nilpotent operator. It was noted that any Kundt vector field lies within this class.
The nil-Killing vector fields were further studied in [11] and [1], showing that under
the assumption of algebraic preservation, they constitute a Lie algebra. It was seen
that any CSI metric has a locally transitive collection of nil-Killing vector fields due
to the local homogeneity of the transverse metric.
In this paper we use the flow properties of Kundt and nil-Killing vector fields
in order to construct natural G-structures P → M , for which they are realized as
infinitesimal automorphisms of P. These G-structure are shown to have a number of
intrinsic properties. They give rise to an algebraic classification of tensors allowing
for full contractions of even ranked tensors of type II. In addition they have a natural
class of metrics associated to them which constitute an affine space over symmetric
rank two tensors of type III.
We go on to define Kundt structures by an integrability criterion and requiring
existence of certain local infinitesimal automorphisms. The collection of metrics be-
longing to such G-structures are automatically contained in the Kundt class.
Thus we obtain a machinery that allows for natural classes of metrics up to type
III tensors in such a way that even-ranked type II tensors play a prominent role
and infinitesimal automorphisms have analogous properties with the Kundt vector
fields. Since all constructed deformations leaving the scalar polynomial invariants
fixed have been achieved by deforming the metric in the direction of type III, we
hope that these G-structures can be employed to understand deformations of metrics,
for which the curvature tensor and all its covariant derivatives are of type II.
Motivated by the characterization of CSI metrics through the application of nil-
Killing vector fields, we characterize allG-invariant Kundt structures on homogeneous
manifolds G/H . The idea is to present a CSI metric by a homogeneous space, in such
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a way that the left multiplication maps have the properties given by the flows of nil-
Killing vector fields in analogy with representing a homogeneous Lorentzian manifold
as the quotient of the isometry group by the isotropy group.
2 G-structures
Here we briefly present the notion of G-structures given in [9] and [10]. Suppose
that M is an n-dimensional manifold and G ⊂ GL(n,R) is a Lie group. Recall that
a G-structure on M is a sub-principal bundle P
π
→ M with structure group G of
the principal frame bundle. Hence given x ∈ M each fibre pi−1(x) is a subset of
GL(Rn, TxM) which is invariant under the right action of G and on which G acts
freely.
If f is a diffeomorphism on M then f induces an automorphism of the frame
bundle by letting its derivative act on frames. f is said to be an automorphism of the
G-structure P
π
→ M if the induced automorphism of the frame bundle maps P into
itself. We let Aut(P ) denote the group of such diffeomorphisms.
A vector field X ∈ X (M) with flow φt is said to be an infinitesimal automorphism
of P
π
→M if φt ∈ Aut(P ), for all t.
3 The structure group
In this section we shall discuss the structure group GN , which will be considered
in the rest of the paper. The elements of the group GN are linear transformations
on Minkowski space which are characterized by two properties. They preserve the
algebraic structure given by some fixed null-line λ, and arbitrary full contractions are
preserved when acting on even-ranked tensors which are of type II with respect to
the λ.
Consider Rn endowed with the Minkowski inner-product
η = ω1 ⊗ ω2 + ω2 ⊗ ω1 + ω3 ⊗ ω3 + · · ·+ ωn ⊗ ωn, (1)
where {ω1, . . . ωn} is the dual to the standard basis {e1, . . . en}. In order to follow con-
vention we shall rename the basis elements by letting {k, l,m1 . . .mn−2} = {e1, . . . en}.
We let GN ⊂ GL(n,R) denote the Lie group of invertible linear transformations
f satisfying the following:
i) f(k) ∈ Rk,
ii) η(f(w), f(w˜)) = η(w, w˜), ∀w, w˜ ∈ {k}⊥,
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iii) η(f(k), f(z)) = η(k, z), ∀z ∈ Rn.
Note in particular that GN is not contained in O(1, n− 1).
The elements of GN can be written as matrices of the form
a =


a b1 a1 . . . an−2
0 a−1 0 . . . 0
0 b2 c11 . . . c1(n−2)
...
...
...
. . .
...
0 bn−1 c(n−2)1 . . . c(n−2)(n−2)


, (2)
where a 6= 0, ai, bi are arbitrary numbers and [cij ] is an orthogonal matrix.
Letting λ be the null-line spanned by k, we have the following characterizations
which is a special case of a result from [1] in section 2:
Proposition 1. Suppose that f ∈ Gl(n,R), then the following are equivalent:
i) f ∈ GN .
ii) f(λ) ⊂ λ and f ∗η − η is of type III w.r.t. λ.
iii) The induced map f ∗ on tensors preserves algebraic type and for any given even
ranked tensor T of type II w.r.t. λ, full contractions are preserved, i.e.,
Tr(f ∗T ) = Tr(T ). (3)
In particular we see from [1] that if f ∈ GN and T is any even-ranked type II
tensor, then the metrics η and f ∗η induce the same full contractions of T.
4 GN-structures
In this section we shall study GN -structures, and show that they induce an alge-
braic classification of tensors in analogy with the boost-order classification induced
by a Lorentzian metric with a null-distribution [12]. Moreover, we shall see that each
GN -structure gives rise to a collection of metrics which forms an affine space over
symmetric rank 2 tensors of type III in the algebraic classification.
We start by showing that to each GN -structure, P
π
→ M , we can associate two
distributions λ,Λ on M of dimension 1 and codimension 1, respectively.
Given x ∈M and u, u˜ ∈ pi−1(x), there exists an element a ∈ GN such that u˜ = ua.
Since a leaves the subspaces Rk and {k}⊥ invariant it follows that
u˜(Rk) = ua(Rk) = u(Rk)
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and
u˜({k}⊥) = ua({k}⊥) = u({k}⊥).
Thus at each point of x ∈M we have a two well-defined subspaces
λx := {u(Rk) : u ∈ pi
−1(x)} ⊂ TxM, (4)
Λx := {u({k}
⊥) : u ∈ pi−1(x)} ⊂ TxM, (5)
of dimension one and codimension one respectively. We let λ and Λ be the distri-
butions defined by these subspaces at each point in M, and refer to them as the
distributions associated with the GN -structure P
π
→M .
On the cotangent bundle we let λ∗ and Λ∗ be the annihilators of Λ and λ respec-
tively, i.e.,
λ∗x = {ω ∈ T
∗
xM : ω(X) = 0, ∀X ∈ Λx} (6)
and
Λ∗x = {ω ∈ T
∗
xM : ω(X) = 0, ∀X ∈ λx}. (7)
Using this we give an algebraic classification of tensors as follows: Let
TM1 = TM, TM0 = Λ, TM−1 = λ (8)
and
T ∗M1 = TM∗, T ∗M0 = Λ∗, T ∗M−1 = λ∗. (9)
Let Drt (M) denote the C
∞(M)-module of tensors with r covariant and t contravariant
factors. Following standard terminology from [12] we define the sub-module of tensors
with boost-order s by
⊕
s1+···+sr+t=s
si∈{−1,0,1}
T ∗Ms1 ⊗ · · · ⊗ T ∗Msr ⊗ TMsr+1 ⊗ TMsr+k . (10)
Tensors of boost-order 0 and −1 are said to be of type II and III respectively. Thus
GN -structures induce an algebraic boost-order classification of tensors similar to that
of a Lorentzian manifold with a given null-distribution.
Next we proceed to show that each GN -structure induces a natural collection of
Lorentzian metrics. Recall that the Lie subgroup Sim(n− 2) of O(1, n− 1) is given
by
Sim(n− 2) := {f ∈ O(1, n− 1) : f(k) ∈ Rk}. (11)
We see that Sim(n− 2) is a Lie subgroup of GN, satisfying the relation
Sim(n− 2) = GN ∩O(1, n− 1). (12)
Each Sim(n− 2)-structure Q→ M induces a metric on M by letting the elements of
Q be null-bases for g. Using this we have the following definition.
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Definition 1. Let P → M be a GN-structure on M. A metric g on M is said to
belong to P if it is determined by a Sim(n)-subprincipal bundle of P. The collection
of such metrics is denoted by M.
Characterisation 1. Let P → M be a GN-structure with associated distributions
λ and Λ. A metric g belongs to P if and only if with respect to g the following are
satisfied:
i) λ is a null distribution.
ii) λ⊥ = Λ.
iii) If (X, Y, Zi) ∈ P , then g(X, Y ) = 1 and g(Zi, Zj) = δij , for all i, j.
Proof. Suppose first that g satisfies the three conditions i)− iii). By i), λ is a null-
distribution with respect to this metric. Let Q→M be the Sim(n)-structure defined
as the collection of null-frames with respect to g whose first frame element points
along λ. The proof of the implication will be completed if we show that Q ⊂ P. Now
given a point p ∈ M and an element (X, Y, Zi) in P in the fibre above p, then ii)
and iii) imply that we can find a vector Y˜ such that (X, Y˜ , Zi) is a null-frame for g
and Y = cX + Y˜ + dkmk, for some coeffisients d
k, for k = 1 . . . n − 2. Now define
a ∈ GL(Rn) by its action on the standard null-frame {k, l,mi} on R
1,n−1 by
a(l) = ck + l + dimi, a(k) = k, a(mi) = mi,
for all i. Then clearly a ∈ GN and (X, Y˜ , Zi)a = (X, Y, Zi). It follows that (X, Y˜ , Zi) ∈
P and therefore the fibre of Q above p is contained in P , which shows that Q ⊂ P,
thus the metric belongs to P.
Proposition 2. Given a GN-structure P → M , the collection M of metrics be-
longing to P is a non-empty affine space with respect to covariant symmetric rank 2
tensors of type III.
Proof. Suppose that g ∈M and T is a symmetric two-tensor of type III. Let λ and
Λ be the distributions induced by P . By definition we see that T ∈ λ∗ ⊗s Λ
∗. It
follows easily that λ is a null-distribution for the metric g + T such that λ⊥ = Λ.
Furthermore, if (X, Y, Zi) ∈ P , then T (X, Y ) = 0 since X ∈ λ. Moreover Zi ⊂ Λ and
hence T (Zi, Zj) = 0, for all i, j. Thus by the above characterisation g + T belongs to
P.
Now suppose that g˜ ∈M. If (X, Y, Zi) ∈ P, then
(g˜ − g)(X, Y ) = g˜(X, Y )− g(X, Y ) = 0, (13)
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and
(g˜ − g)(Zi, Zj) = g˜(Zi, Zj)− g(Zi, Zj) = δij − δij. (14)
It follows readily that g˜ − g ∈ λ∗ ⊗s Λ
∗ and hence is a tensor of type III.
Now let us show that the collection M of metrics belonging to a GN -structure
P → M is always non-empty. Given a point p ∈ M we can find a neighborhood U
and a local section s : U → P. Let g be the unique Lorentzian metric on U such that
s(q) is a null-frame for g, for all q ∈ U. Then g belongs to the GN -structure given by
the restriction of P to U.
Proceeding in this way we can find a locally finite covering {Uα}α∈I of M and
metrics gα on Uα belonging to the restriction of P to Uα, for all α ∈ I. Now let ψαα∈I
be a partition of unity subordinate to {Uα}α∈I . Since any two metrics gα, gβ differ by
a tensor of type III on a non-empty intersection Uα ∩ Uβ, it follows that
∑
α∈I
ψαgα (15)
gives a well-defined Lorentzian metric which belongs to P. This finishes the proof.
We have another characterisation of GN -structures in terms of certain quadruples
which will be needed later. On a manifold M of dimension n a null-quadruple is
defined to be a quadruple (λ,Λ, g⊥, f) consisting of the following datum:
i) Two distributions λ and Λ of dimension 1 and n−1 respectively such that λ ⊂ Λ.
ii) A symmetric positive-definite bilinear form g⊥ on the quotient bundle Λ/λ.
iii) A non-vanishing one-form f on the bundle λ⊗ TM/Λ.
Proposition 3. On a manifold M there is a 1 : 1 correspondence between the collec-
tion of GN-structure P →M and null-quadruples (λ,Λ, g⊥, f).
Proof. If P → M is a GN -structure on M , let λ and Λ be the associated distribu-
tions. If p ∈ M then taking any element (X, Y, Zi) ∈ P above p we see that (X,Zi)
determines a degenerate symmetric bilinear form β on Λp by setting β(X,X) = 0 and
β(Zi, Zi) = 1. Due to the form of GN this gives a well-defined degenerate symmetric
two-form on Λ which is independent of choice of elements in P. Moreover β induces
a positive definite symmetric bilinear form g⊥ on the quotient bundle Λ/λ.
Given p ∈M, we define the map fp : λp⊗ TpM/Λp → R as follows: Let (X, Y, Zi)
be an element of P in the fibre above p whose first entry is X. Then we set
fp(X ⊗ [Y ]) = 1, (16)
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where [Y ] is the coset of Y in TpM/Λp, and extent fp to λp ⊗ TpM/Λp by linearity.
This map is well-defined since if (X˜, Y˜ , Z˜i) is another element of P , then due to the
form of GN we see that X˜ = bX Y˜ = cX + b−1Y + diZi, for some b, c, d
i ∈ R which
implies that X˜ ⊗ [Y˜ ] = X ⊗ [Y ]. Hence (λ,Λ, g⊥, f) defines a null-quadruple.
Conversely, suppose we have a null-quadruple (λ,Λ, g⊥, f). At each point p ∈ M
define the Pp to be the collection of bases (X, Y, Zi) for TpM such that X ∈ λp,
f(X⊗ [Y ]) = 1 and the classes of Zi in Λp/λp form an orthonormal basis with respect
to g⊥. Now if a ∈ GN and (X, Y, Zi) ∈ Pp , the letting (X˜, Y˜ , Z˜i) := (X, Y, Zi)a, we
know that
(X˜, Y˜ , Z˜i) = (bX, cX + b
−1Y + djZj , f
ik + S mi Zm),
where b, c, dk, fk are constants and S mi is an orthogonal (n − 2) × (n − 2) matrix.
Clearly
f(X˜ ⊗ [Y˜ ]) = f((bX)⊗ [cX + b−1Y + djZj ]) = f(X ⊗ [Y ]) = 1, (17)
and since S mi is orthogonal, the classes of Z˜i are again an orthonormal basis for g
⊥.
Thus (X˜, Y˜ , Z˜i) ∈ Pp, from which it follows that Pp is invariant under the right action
of GN.
Let us show that GN acts transitively on Pp. Given any other element (X
′, Y ′, Z ′i),
then by injectivity of f it follows that X ′⊗[Y ′] = X⊗[Y ] which implies that X ′ = bX
and Y ′ = cX + b−1Y + djZj for some constants b, c, d
i. Using this and the fact that
Z ′i also gives an orthonormal basis for g
⊥ it is clear that we can construct a ∈ GN
such that (X ′, Y ′, Z ′i) = (X, Y, Zi)a. Thus it follows that ∪p∈MPp is a GN-structure.
Clearly the correspondence between GN -structures and null-quadruples is a bi-
jection.
It is useful to characterize automorphisms and metrics belonging to GN -structures
through this correspondence. Suppose therefore that P → M is a GN -structure
corresponding a null-quadrupe (λ,Λ, g⊥, f).
A diffeomorphism φ :M →M is an automorphism of P if and only if φ∗ satisfies
the following:
i) φ∗(λ) = λ and φ∗(Λ) = Λ,
ii) φ∗g⊥ = g⊥,
iii) φ∗f = f.
where the pull-backs in ii) and iii) are well-defined due to i).
Furthermore it is clear from characterization 1 that a metric g belongs to P if and
only if
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i) g(W,W ′) = g⊥([W ], [W ′]), for all W,W ′ ∈ Λ,
ii) g(X, Y ) = f(X ⊗ [Y ]), for all X ∈ λ and Y ∈ TM .
Let us now discuss some general features of this framework. If P → M is a GN -
structure corresponding to a null-quadruple (λ,Λ, g⊥, f). If a metric g belongs to P,
then since λ is a null-distribution w.r.t. g and λ⊥ = Λ, it follows that the algebraic
boost-order classification of tensors induced by (M, g, λ) is the same as the algebraic
classification derived from P →M given above in (10).
Furthermore, if g˜ is another metric belonging to P, then by proposition 2, g˜− g is
a tensor of type III w.r.t. λ. Now suppose that T is an even ranked type II tensor.
Then any full contraction of T perfomed with respect to either g or g˜ must be the
same, since any contribution of a tensor of type III must vanish.
Hence any GN -structure P → M gives well-defined full contractions
Tr(T ), (18)
of any even-ranked tensor T of type II.
Lastly, if X is a vector field belonging to the null-distribution λ, then using the
functional f ∈ (λ⊗TM/Λ)∗, the GN -structure allows us to define a dual form X♮ by
X♮(Z) = f(X ⊗ [Z]), ∀Z ∈ X (M). (19)
We see that X♮ vanishes on Λ, showing that X♮ ∈ λ∗. Clearly if g ∈ M, then this
dual coincides with the metric dual for vector fields belonging to λ.
Next we consider connections on GN -structures:
Proposition 4. Let P → M be a GN-structure corresponding to a null-quadruple
(λ,Λ, g⊥, f) and suppose that g is a metric belonging to P. If Γ is a linear connection
on M with affine connection ∇, then the following are equivalent:
i) Γ is a connection in P .
ii) ∇Zλ ⊂ λ, ∇ZΛ ⊂ Λ and ∇Zg is of type III, for all vector fields Z.
iii) ∇ restricts to an affine connection on λ and Λ such that g⊥ and f are covariantly
constant w.r.t. the connections induced on Λ/λ and λ⊗ TM/Λ respectively.
Proof. ”i) ⇔ ii)” Let {Uα}α∈I be a covering with local frames {k
α, lα, mαi }α∈I of P,
such that {kα, lα, mαi }α∈I are null-frames for g. Then Γ is a connection on P if and
only if each local connection one-form {Aα}α∈I has values in the Lie algebra gn of
GN.
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Suppose that Γ is a connection in P . If Z ∈ X (M), then
(∇Zg)(k
α, lα) = −g(∇Zk
α, lα)− g(kα,∇Z l
α)
= −g((Aα(Z))
1
1k
α, lα)− g(kα, (Aα(Z))
2
2l
α) = 0,
(20)
where the last equality holds since (Aα(Z))
1
1 = −(Aα(Z))
2
2. By the same reasoning
∇Zg(m
α
i , m
α
j ) =0, since A(Z)
i
j is skew-symmetric for i, j ≥ 3. It therefore follows
that ∇Zg is of type III and ∇Zλ ⊂ λ and ∇ZΛ ⊂ Λ. In order to prove the converse
one follows the same reasoning to show that ii) implies that A(Z)ij ∈ gn.
ii) and iii) are clearly equivalent since g induces g⊥ and f on Λ/λ ⊗ Λ/λ and
λ⊗ TM/Λ respectively.
5 GN-structures and Nil-Killing vector fields
Recall from [8, 11] that if (M, g) is a Lorentzian manifold then a vector field X is said
to be nil-Killing if (LXg)
a
b is nilpotent. Given a point p ∈ M, one can shows that
the operator corresponding to LXg is nilpotent if and only if there is some null-line
λp ⊂ TpM such that (LXg)p is of type III w.r.t. λp.Moreover, this null-line is unique
provided that X is not Killing.
Therefore if λ is a null-distribution onM we say that a vector field X is nil-Killing
with respect to λ if LXg is of type III w.r.t. λ. One can see that this is equivalent to
LXg(Y, Z) = 0, LXg(W, W˜ ) = 0, (21)
for all Y ∈ λ, Z ∈ TM and W, W˜ ∈ {λ}⊥.
If in addition [X, λ] ⊂ λ, then X preserves algebraic structure in the sense that if
φt is the flow of X, then φt preserves the boost-order of tensors, given by λ. We shall
refer to such vector fields as algebra preserving nil-Killing vector fields w.r.t. λ. It
was seen in [11] that the collection of such vector fields
g(g,λ) := {Algebra perserving nil-Killing vector fields w.r.t. λ} (22)
constitute a Lie algebra. From [1] we have the following characterization:
Proposition 5. Let (M, g, λ) be a Lorentzian manifold with a null vector distribution
λ. A vector field X is an algebra preserving nil-Killing w.r.t. λ iff. for each t the flow
φt of X satisfies the following:
i) (φt)∗(λ) ⊂ λ.
ii) φ∗tg − g is of type III w.r.t. λ.
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Hence we see that such vector fields have the same characteristics as the elements
in the structure group GN . Indeed we have the following result:
Proposition 6. Suppose that P → M is a GN-structure, and let λ be its null-
distribution. Given a metric g belonging to M , then a vector field X is an infinites-
imal automorphism of P iff. X is an algebra preserving nil-Killing vector field w.r.t
(M, g, λ).
Proof. Let (λ,Λ, g⊥, f) be the null-quadruple corresponding to P → M and φt the
flow of X .
By proposition 5, X is an algebra preserving nil-Killing vector field w.r.t. (M, g, λ)
iff.
(φt)∗(λ) ⊂ λ, (23)
g((φt)∗(Z˜), (φt)∗(Y )) = g(X˜, Y ), g((φt)∗(W1), (φt)∗(W2)) = g(W1,W2), (24)
for all t, Z ∈ λ, Y ∈ TM and W1,W2 ∈ λ
⊥.
Since g belongs to P this holds iff.
(φt)∗(λ) ⊂ λ, (φt)∗(Λ) ⊂ Λ, (25)
f((φt)∗Z ⊗ [(φt)∗Y ]) = f(Z, Y ), g
⊥((φt)∗(W1), (φt)∗(W2)) = g
⊥(W1,W2), (26)
for all t, Z ∈ λ, Y ∈ TM and W1,W2 ∈ λ
⊥.
By the characterisation of automorphisms and metrics belonging to P in terms of
null-quadruples given in section 4, this is true iff. X is an infinitesimal automorphism
of P.
If (M, g, λ) is a Lorentzian manifold with a null-distribution, then we obtain an
associated null-quadruple given by (λ, λ⊥, g⊥, f), where g⊥ and f are induced by g
by taking in a natural manner. We denote the corresponding GN -structure by
P (M, g, λ). (27)
By construction it is clear that the metric g belongs to P .
Corollary 1. Let (M, g, λ) be a Lorentzian manifold with a null-distribution, and let
P (M, g, λ) be the associated GN-structure. Then
g(g,λ) = aut[P (M, g, λ)], (28)
where aut[P (M, g, λ)] is the Lie-algebra of infinitesimal the GN-structure.
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6 Kundt structures
In this section we shall see use proposition 6 to give conditions that ensure that
the metrics belonging to a GN -structure are Kundt spacetimes with respect to the
null-distribution associated to the GN -structure.
First let us recall the definition of a Kundt spacetime [2, 13, 14]. Let (M, g, λ) be
a Lorentzian manifold with a null-distribution λ. Such a triple is said to be Kundt if
λ⊥ is integrable and for each point p ∈ M there exists a vector field X belonging to
λ such that X is affinely geodesic, shear-free and divergence-free, i.e.,
∇XX = 0, ∇(aXb)∇
aXb and ∇aX
a = 0, (29)
respectively. In this case we say that X is a Kundt vector field of (M, g, λ).
Without assuming integrability, it was seen in [1] that a vector field X belonging
to a null-distribution λ satisfies (29) if and only if X is nil-Killing w.r.t λ. Since X
belongs to λ such a vector field automatically preserves the algebraic structure given
by λ.
The following definition give an analogue of this conditions for GN -structures.
Definition 2. A GN-structure P → M with associated null-distributions λ and Λ
is said to be a Kundt structure if Λ is integrable and about each point p ∈ M there
exists a local vector field X belonging to the distribution λ which is an infinitesimal
automorphism of P.
Now the following results on metrics belonging to Kundt structures are corollaries
of proposition 6.
Corollary 2. If P → M is a Kundt structure with associated null-distribution λ,
then for each metric g belonging to P, the triple (M, g, λ) is a Kundt spacetime.
Proof. If p ∈ M , then since P → M is a Kundt structure we can find a vector
field X in a neighborhood about p belonging to λ such that X is an infinitesimal
automorphism of P. It follows from proposition 6 that X is nil-Killing w.r.t. (M, g, λ).
By assumption λ⊥ = Λ is integrable, and therefore (M, g, λ) is a Kundt spacetime.
Corollary 3. If (M, g, λ) is a Kundt spacetime, then the induced GN-structure
P (M, g, λ) is a Kundt structure.
Proof. This follows from the fact the the collection of local nil-Killing vector fields of
(M, g, λ) is equal to the collection of local infinitesimal automorphisms of P.
The following proposition gives a characterization of Kundt structures in terms
of connections.
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Proposition 7. If P →M is a GN-structure, then the following are equivalent:
i) P is a Kundt structure.
ii) For each point p ∈ M there is a neighborhood U such that the restriction of P to
U has a torsion-free connection.
Proof. ”ii) ⇒ i)” First we show that Λ is integrable. Let U be an open set with a
torsion-free connection ∇ belonging to the restriction of P to U. If W1,W2 ∈ X (U)
belong to Λ, then ∇WiWj ∈ Λ, for i, j = 1, 2, by proposition 4. Therefore since ∇ is
torsion-free this implies that
[W1,W2] = ∇W1W2 −∇W2W1 ∈ Λ. (30)
Since we can cover M by open sets having torsion-free connections belonging to P,
this shows that Λ is an integrable distribution.
Now let us show that P has the desired local infinitesimal automorphisms belong-
ing to λ. Suppose p ∈M and choose a neighborhood U with a torsion-free connection
∇ belonging to P on U. Since Λ is integrable we can, by shrinking U if necessary,
choose X ∈ λ on U such that X♮ is a closed one-form. By proposition 4, we see that
∇X♮ = ω ⊗X♮, for some one-form ω.
Since ∇ is Torsion-free it follows that
Alt(∇X♮) = dX♮ = 0, (31)
and therefore ω is proportional to X♮, from which we see that ∇X♮ is of type III.
Now let g be any metric belonging to P. It follows again by proposition 4 that
∇Zg is a tensor of type III, for all Z ∈ X (M). Let us show that if Z ∈ X (M), then
∇Z(X
♮) = (∇ZX)
♮. Suppose that Z ′ ∈ X (M), then
(∇ZX
♮)(Z ′) = Z(X♮(Z ′))−X♮(∇ZZ
′)
= Z(g(X,Z ′))− g(X,∇ZZ
′) = (∇Zg)(X,Z
′) + g(∇ZX,Z
′)
(∇ZX)
♮(Z ′),
(32)
where the last equality holds since ∇Zg is of type III.
If Z,Z ′ ∈ X (M), then by the torsion-free property
LXg(Z,Z
′)
= Xg(Z,Z ′)− g([X,Z], Z ′)− g(Z, [X,Z ′])
= Xg(Z,Z ′)− g(∇XZ −∇ZX,Z
′)− g(Z,∇XZ
′ −∇Z′X)
= (∇Xg)(Z,Z
′) + (∇ZX)
♮(Z ′) + (∇Z′X)
♮(Z)
= (∇Xg)(Z,Z
′) + (∇ZX
♮)(Z ′) + (∇Z′X
♮)(Z),
(33)
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and therefore LXg = ∇Xg + S(∇X
♮), where S denotes symmetrization. It follows
that LXg is of type III w.r.t the null-distribution λ associated to P, and therefore
X is nil-Killing w.r.t. (M, g, λ). Thus by proposition 6, X is a local infinitesimal
automorphism of P, showing that P is Kundt.
”i)⇒ ii)” Let (λ,Λ, g⊥, f) be the null-quadruple associated to P. By integrability
we can find a neighborhood U about p with coordinates (u, v, xk) such that ∂
∂v
is an
infinitesimal automorphism of P , ∂
∂v
∈ λ, ∂
∂xi
∈ Λ and du = ( ∂
∂v
)♮.
Define a metric g on U by
g = 2dudv + g˜ij(u, v, x
k)dxidxj, (34)
in such a way that g˜ij is compatible with g
⊥. Then the metric g belongs to P on U
and since ∂
∂v
is an infinitesimal automorphism of P it follows that g˜ij is independent
of v. Therefore its Levi-civita connection is a Torsion-free connection belonging to P
over U.
Regarding the curvature of a torsion-free connection belonging to a GN -structure,
we have the following result:
Proposition 8. Let P → M be a GN-structure. If ∇ is a torsion-free connection
which belongs to P, then its curvature tensor R∇ is of type II.
Proof. Fix a metric g belonging to P . Let R be the covariant four-tensor defined by
R(X, Y, Z,W ) = g((R∇)(X, Y )Z,W ). (35)
The connection ∇ belongs to P and therefore its associated curvature two-form on
P is gn-valued, where gn is the Lie algebra of GN. Since in addition g belongs to P
this implies that
R(X, Y, Z, U) = −R(X, Y, U, Z) and R(X, Y,W,W ′) = −R(X, Y,W ′,W ), (36)
for all X, Y, U ∈ X (M), Z ∈ λ and W,W ′ ∈ Λ. By abuse of notation it is therefore
clear that Rm∇ is of type II if and only if the terms
R(λ,Λ, λ, TM), R(Λ,Λ, λ,Λ), R(TM, λ, λ,Λ), R(Λ, λ,Λ,Λ), (37)
vanish.
If p ∈M, choose a vector field X ∈ λ in a neighborhood of p such thatX♮ is closed.
Then there exists some smooth function f such that ∇X = f(X♮⊗X). Hence we see
that if W,W ′ ∈ Λ, then
R∇(W,W ′)X = [∇W ,∇W ′]X −∇[W,W ′]X = 0. (38)
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Therefore the two first expressions in (37) vanish. We can see that R(TM, λ, λ,Λ)
vanishes, from the fact that ∇λ ⊂ λ by proposition 4.
Lastly, suppose that W,W ′, U, U ′ ∈ Λ. Since ∇ is Torsion-free, we know that
Rm∇ satisfies the first Bianchi identity. Using (36) together with the first Bianchi
identity one can show that
R(W,W ′, U, U ′) = R(U, U ′,W,W ′), (39)
by copying the proof of the similar statement in the Riemannian setting. In particular
this shows that the last expression in (37) vanishes, finishing the proof.
The above proposition shows that if ∇ is a torsion-free connection of a GN -
structure P → M, then its curvature tensor R∇ is of type II. By the results of
section 4 we can use the GN -structure to perform full contractions of tensors in the
algebra generated by R∇, giving smooth functions associated to ∇. As an example,
this gives us a way to defined the scalar curvature of torsion-free connections belong-
ing to P.
Next we show that if P →M is a Kundt-structure, then we have an induced map
Φ :M→ Ω0(Λ/λ). (40)
from the space of metrics belonging to P into the space of sections of Λ/λ.
If X is a local infinitesimal automorphism of P belonging to λ such that X♮ is
closed and g ∈M, then LXg is of type III and can therefore be written uniquely as
LXg = X
♮ ⊗S ω, (41)
where ω ∈ Λ∗. Now supposing that X˜ is another local infinitesimal automorphism
such that X˜♮ is closed, then there exists a smooth function f such that X˜ = fX and
W (f) = 0, for all W ∈ Λ, implying that df ∈ λ∗. Therefore
X˜ ⊗ ω˜ = LX˜g = LfXg = df ⊗s X
♮ + fLXg = X˜ ⊗ (
1
f
df + ω). (42)
It follows that the classes [ω], [ω˜] are the same in Λ∗/λ∗. Using the induced metric g⊥
we take the dual of [ω] on Λ/λ to find a local section in Λ/λ.
Since the resulting section is independent of which infinitesimal automorphism
with closed dual we use, this process extends globally to give a well-defined section
Φ(g) ∈ Ω0(Λ/λ).
By taking the norm with respect to g⊥, the map Φ :M→ Ω0(Λ/λ) gives rise to
a map
Θ :M→ C∞(M), (43)
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defined by
Θ(g) = g⊥(Φ(g),Φ(g)), (44)
for all g ∈ M.
7 Degenerate Kundt metrics.
Recall from [2] that a Kundt spacetime (M, g, λ) is said to be degenerate if the
Riemannian curvature and all its covariant derivative ∇mRm are of type II with
respect to λ. We have the following classification from [1]
Proposition 9. Let (M, g, λ) be a Kundt space-time and let X be a kundt vector field
defined on an open set U ⊂M. Then
i) The Riemannian curvature is of type II on U iff. (LX)
2g is of boost-order ≤ −2
w.r.t λ
ii) (U, g, λ) is a degenerate Kundt spacetime iff. (LX)
2g is of boost-order ≤ −2 and
(LX)
3g = 0.
Suppose P →M is a Kundt structure with corresponding null-quadruple
(λ,Λ, g⊥, f). (45)
Let
MDeg ⊂M (46)
be the collection of metrics g ∈ M such that the corresponding Kundt spacetime
(M, g, λ) is degenerate. As a result of proposition 6 and corollary 2 we can characterize
the metrics g ∈MDeg as those for which (LX)
2g is of boost-order ≤ −2 and (LX)
3g =
0, whenever X is a local infinitesimal automorphism of P belonging to λ.
We can use this characterization in order to show that P → M induces a map
Ψ :MDeg → C
∞(M), (47)
defined as follows: If X is any local infinitesimal automorphism of P on an open set
U ⊂M and g ∈MDeg, then (LX)
2g is of boost-order ≤ −2 and therefore there exists
a smooth function H ∈ C∞(U) such that
LXg = H(X
♮ ⊗X♮). (48)
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If X˜ is another infinitesimal automorphism on U , then there exists a smooth function
f satisfying X(f) = 0, such that X˜ = fX. This gives
H˜(X˜♮ ⊗ X˜♮) = (LX˜)
2g
= (LfX)
2g = LfX(df ⊗S X
♮ + fLXg)
= fLfXLXg = f [df ⊗ (iXLXg + f(LX)
2g]
= f 2LXg = H(X˜
♮ ⊗ X˜♮),
(49)
where iXLXg is a contraction, showing that H˜ = H. Since the functions we have
constructed are independent of the choice of infinitesimal automorphism, we can use
these to construct a global function Ψ(g) ∈ C∞(M).
The metric g also satisfies (LX)
3g = 0, and therefore LXΨ(g) = 0, showing that
Ψ(g) is invariant under the local automorphisms of P.
If g ∈ MDeg, then we can find coordinates (u, v, x
k) such that ∂
∂v
is a local in-
finitesimal automorphism of P and du = ( ∂
∂v
)♮ and the metric can be expressed by
g = 2du(dv +Hdu+Widx
i) + g˜ij(u, x
k)dxidxj (50)
where the functions H,Wi take the form
H(u, v, xk) = v2H(2)(u, xk) + vH(1)(u, xk) +H(0)(u, xk) (51)
and
Wi(u, v, x
k) = vW
(1)
i (u, x
k) +W
(0)
i (u, x
k). (52)
In terms of these coordinates we see that Ψ(g) = 2H(2), and moreover the section of
Λ/λ given by Φ(g), which we found in section 6, can be expressed in terms of the
functions W
(1)
i .
It therefore follows from [2] that if g˜, g ∈MDeg satisfy
Φ(g) = Φ(g˜) and Ψ(g) = Ψ(g˜), (53)
Then g and g˜ have identical scalar polynomial curvature invariants.
Moreover, if g ∈MDeg has constant scalar polynomial curvature invariants across
the manifold, then it follows from [5] that Ψ(g) and Θ(g) differ only by a constant.
8 Homogeneous GN-structures
In this section we shall classify left-invariant GN and Kundt structures on homoge-
neous spaces and study their properties.
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We shall consider homogeneous spaces which are quotients K/H of Lie groups
K and closed Lie subgroups H, where we assume that the action of K on K/H is
effective. By abuse of notation, if a ∈ K we let La denote left multiplication of a with
elements of both K and K/H. We denote the coset of the identity element e of K by
o and refer to it as the origin in K/H and let k and h be the Lie algebras of K and
H respectively. We have a projection pi : K → K/H , whose derivative at the identity
(dpi)e : k→ ToK/H , induces an isomorphism k/h ∼= ToK/H, which we henceforth use
to identify these two vector spaces. Under this identification the vector space quotient
q : k → k/h and (dpi)e are the same. If h ∈ H, then Ad(h) : k→ k leaves h invariant.
Therefore we have an induced linear map between vector spaces Ad(h) : k/h→ k/h.
For each element A ∈ k, the one-parameter subgroup at = exp(tA), induces a
one parameter group of diffeomorphisms on K/H given by left multiplication Lat ,
for t ∈ R, which defines a vector field which we denote by A∗ on K/H. Under this
association we have
[A,B]∗ = −[A∗, B∗], (54)
for all A,B ∈ k.
On the homogeneous space a G-structure Q → K/H is said to be K-invariant
if for each a ∈ K, the left multiplication La : K/H → K/H is an automorphism of
Q. In this case A∗ is an infinitesimal automorphism of Q, for each A ∈ k, since the
diffeomorphisms of the flow of A∗ are given by left multiplication by elements in K.
Now let us classify the left invariant GN -structures and Kundt structures onK/H.
In our classification we shall consider quadruples (a, b, (·, ·), β) where
i) h ⊂ a ⊂ b ⊂ k and a, b are ad(H)-invariant subspaces such that h and b are of
codimension 1 in a and k respectively.
ii) (·, ·) is a positive definite inner product on b/a which is ad(H) invariant, i.e. for
each h ∈ H the, linear map ad(h) : b/a→ b/a whose existence is ensured by i),
is an isometry of (·, ·).
iii) β : a/h⊗ k/b→ R is a non-zero ad(H)-invariant functional.
We shall refer to these as ad(H)-invariant quadruples.
Theorem 1. There is a 1:1 correspondence between K-invariant GN-structures
P → K/H on K/H and ad(H)-invariant quadruples (a, b, (·, ·), β) on k/h. Under this
correspondence the K-invariant Kundt Structures are given by the ad(H)-invariant
quadruples (a, b, (·, ·), β) such that
i) b is a Lie subalgebra of k,
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ii) The induced maps [a,−] ∈ End(b/a) are skew-adjoint with respect to the inner
product (·, ·), for all a ∈ a.
Proof. Suppose that we are given a K-invariant GN -structure on K/H and let
(λ,Λ, g⊥, f) be its associated null-quadruple. From the K invariance it follows that
the subspaces Λ0, λ0 ⊂ k/h and the metric g
⊥
0 on Λ0/λ0 are ad(H)-invariant, and the
functional f0 : λ0 ⊗ (k/h)/Λ0 → satisfies f0 ◦ ad(h) = f0, for all h ∈ H.
Now letting q : k→ k/h denote the quotient map, we define the following ad(H)-
invariant subspaces of k:
a := q−1(λ0), b := q
−1(Λ0), (55)
then h has co-dimension 1 in a and b has co-dimension 1 in k since λ0 and Λ0 have
dimension 1 and co-dimension 1 respectively.
Let β : a/h⊗ k/b→ R be defined through f0 by using the identifications a/h = λ0
and k/b ∼= (k/h)/(b/h) = (k/h)/Λ0. Then by the ad(H)-invariance of f0 we see that
β must also be ad(H)-invariant.
Lastly we can use the isomorphism b/a ∼= (b/h)/(a/h) = Λ0/λ0, together with g
⊥
to induce an ad(H)-invariant positive definite inner product (·, ·) on b/a.
Thus we have constructed a correspondence from K-invariant GN -structures to
ad(H)-invariant quadruples for k/h. Since any two K-invariant GN -structures giving
the same
ad(H)-quadruple must have identical fibres over the origin of K/H , the K-invariance
implies that they must coincide everywhere, so the correspondence is injective. Sur-
jectivity follows from the fact that we may induce an ad(H)-invariant null-quadruple
(λ0,Λ0, g
⊥, f0) over the origin of K/H from any ad(H)-quadruple (a, b, (·, ·), β) and
extend it to a GN -structure by using the left translations by K.
Let (a, b, (·, ·), β) be an ad(H)-invariant quadruple corresponding to a K-invariant
GN -structure P
π
→ K/H .
First we show that P is integrable iff. b is a Lie subalgebra of k: Let Λ be the
codimension 1 distribution on K/H associated to P and let Λ˜ be the distribution
on K defined by Λ˜g = (Lg)∗(b), for all g ∈ K. From the definition it is clear that Λ˜
is integrable iff. b is a Lie subalgebra of k. It suffices therefore to prove that Λ is
integrable iff. Λ˜ is integrable. Let U ⊂ K/H be a neighborhood such that there exists
a local trivalization pi−1(U)
Φ
→ U × H for the principal H-bundle K
π
→ K/H and a
frame {X1, . . .Xm} over U for Λ. We use Φ to construct vector fields {X˜1, . . . , X˜k} on
pi−1(U) such that pi∗(X˜i) = Xi, for 1 ≤ i ≤ k. Let Y1, . . . , Ym be a basis for h. Since b
is ad(H)-invariant it follows that [Yi, X˜l] and [Yi, Yj] belongs to Λ˜ for all 1 ≤ i, j ≤ m
and 1 ≤ l ≤ k. Thus Λ˜ is integrable on pi−1(U) iff. [X˜i, X˜j] belongs to Λ˜, for all
1 ≤ i, j ≤ k. Since X˜i and Xi are pi-related this holds iff. Λ is integrable over U. This
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shows that Λ is integrable iff. Λ˜ is integrable and hence that Λ is integrable iff. b is
a Lie subalgebra of k.
Let λ be the 1-distribution associated to P . Here we show that there are local
infinitesimal automorphisms of P pointing along λ iff. [a,−] ∈ End(b/a) is skew-
adjoint with respect to (·, ·): First we choose a metric g and a vector field X defined
on a neighborhood U of the origin in K/H such that g belongs to P and X belongs
to λ. Let N ∈ a \ h and Wi ∈ b, for i = 1, 2, then (N
∗)o ∈ λo and (Wi
∗)o ∈ Λo. Since
N∗ is an infinitesimal automorphism of P , we see that LN∗g is nilpotent with respect
to X . Therefore at the origin we have
LN∗g((W1
∗)o, (W2
∗)o)
= (N∗)og(W1
∗,W2
∗)− g([N∗,W1
∗]o, (W2
∗)o)− g((W1
∗)o, [N
∗,W2
∗]o)
= (N∗)og(W1
∗,W2
∗) + g([N,W1]
∗
o, (W2
∗)o) + g((W1
∗)o, [N,W2]
∗
o)
= (N∗)og(W1
∗,W2
∗) + ([N,W 1],W 2) + (W 1, [N,W 2])
= 0,
(56)
where W i denotes the coset of Wi in b/a, for i = 1, 2.
Furthermore since Wi
∗, for i = 1, 2, are infinitesimal automorphisms of P , it
follows that
LXg((W1
∗)o, (W2
∗)o)
= Xo(g(W1
∗,W2
∗))− g([X,W1
∗]o, (W2
∗)o)− g((W1
∗)o, [X,W2
∗]o)
= Xo(g(W1
∗,W2
∗)),
(57)
where the last equality holds since [X,W ∗i ] ∝ X .
Suppose first that P has local infinitesimal automorphisms belonging to λ. Then
letting X be such we know that LXg is nilpotent with respect to X . Since (N
∗)o and
Xo are colinear equation (57) implies that (N
∗)og(W1
∗,W2
∗) = 0 and therefore by
(56), [N,−] is skew-adjoint on b/a.
Conversely, suppose that [N,−] is skew-adjoint on b/a, then by (56) we see that
(N∗)og(W1
∗,W2
∗) = 0,
but since (N∗)o is colinear with Xo it follows from (57) that
LXg((W1
∗)o, (W2
∗)o) = 0,
and since the Wi were arbitrary this in turn implies that
LXg(Y, Y
′
) = 0,
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for all Y, Y
′
∈ Λo. Now suppose that b ∈ K, with pi(b) ∈ U. Since Lb−1 preserves
λ, it follows that there exists some smooth function f such that (Lg−1)∗(X) = fX.
Therefore if Y, Y
′
∈ Λo, we have
LXg((Lb)∗Y, (Lb)∗Y
′
)
= (Lb)
∗LXg(Y, Y
′
) = LfX((Lb)
∗g)(Y, Y
′
) = 0,
(58)
where the last equality holds since (Lb)
∗g belongs to P . Thus X satisfies
LXg(Λ,Λ) = 0, (59)
on U. Now if Z ∈ k \ b, then by shrinking U if necessary, we get that (Z∗)p /∈ Λp, for
all p ∈ U, and we can find a vector field X on U belonging to λ such that g(X,Z∗) is
constant on U. Then
LXg(X,Z
∗) = Xg(X,Z∗)−g([X,X ], Z∗)−g(X, [X,Z∗]) = −g(X, [X,Z∗]) = 0, (60)
Thus X is an infinitesimal automorphism for P on U. If p ∈ K/H , then we may find
some a ∈ K such that pi(a) = p. Since
L(La)∗X((La−1)
∗g) = (La−1)
∗LXg, (61)
it follows that (La)∗(X) is an infinitesimal automorphism of P defined on La(U).
Hence if [N,−] ∈ End(b/a), for all N ∈ a, then there are locally defined infinitesimal
automorpisms of P about each point of K/H. This concludes the proof.
Given a Lie group G with Lie algebra g we now consider left-invariant GN -
structures P → G. By theorem 1 these are in 1 : 1 correspondece with quadruples
(a, b, (·, ·), β), where a and b are of dimension one and codimension one respectively
and satisfy a ⊂ b ⊂ g.
Example 1. Every 3-dimensional Lie group whose Lie algebra g is not isomorphic
to su(2) admits a left-invariant Kundt structure.
This can be seen as follows: If g is not isomorphic to su(2), then it has a codi-
mension 1 subalgebra b. If b is abelian, then choose any one-dimensional subspace
a ∈ b. If b is non-abelian, then set a = [b, b] which is automatically one-dimensional.
In either case the induced map [A,−] : b/a → b/a is zero, for all A ∈ a. Therefore
if (·, ·) is any quadratic form on b/a and β : a ⊗ g/b → R is any non-zero linear
function, the quadruple (a, b, (·, ·), β) corresponds to a left-invariant Kundt structure.
su(2) does not contain a codimension one subalgebra, and therefore does not sup-
port a quaduple corresponding to a Kundt structure.
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The next result suggests that in arbitrary dimension left-invariant Kundt struc-
tures need not be as ubiquitous.
Proposition 10. Suppose that N is a nilpotent Lie group with Lie algebra n. If
(a, b, (·, ·), β) is a quaduple on n corresponding to a left-invariant Kundt structure
P →M , then
[a, b] ⊂ a and [a, n] ⊂ b. (62)
Consequently any left-invariant vector field in a is an infinitesimal automorphism of
P.
Proof. If A ∈ a, then ad(A) is nilpotent, and therefore the induced map ad(A) :
b/a → b/a is also nilpotent. Since this map is assumed to skew-adjoint it follows
that it must be identically zero. This shows that [A,B] ⊂ a, for all B ∈ b, from
which we see that [a, b] ⊂ a.
Since b is a subalgebra, it follows again from nilpotency by a standard argument
that [a, n] ⊂ b.
Now let X be a left-invariant vector field on N, such that at the identify Xe ∈ a.
Then left invariance implies that X belongs to the null-distribution λ associated to
the Kundt structure. If g is a metric belonging to P, then left-invariance of (·, ·) and
β implies that if W,W ′ ∈ b and Z ∈ n, then g(W,W
′
) and g(X,Z) are contant on N,
and therefore
LXg(W,W
′) = −g([X,W ],W ′)− g(W, [X,W ′]) = 0, (63)
and
LXg(X,Z) = −g([X,X ], Z)− g(X, [X,Z]) = 0, (64)
from which we see that X is nil-Killing w.r.t. λ. Hence proposition 6 implies that X
is an infinitesimal automorphism of P.
9 Conclusion
In this paper we have identified the G-structures to which Kundt and nil-Killing
vector fields are infinitesimal automorphisms. The properties of these G-structures
are studied showing that they give rise to an intrinsic boost-order classification of
tensors and the ability to perform full traces of even ranked tensors of type II.
Along the way we have shown that the existence of a Kundt vector field can be
characterized in terms of the G-structure having a torsion-free connection.
Lastly, our desire to represent Kundt-CSI spacetimes in terms of nil-Killing vector
fields has lead us to characterize left-invariant Kundt structures on homogeneous
spaces. Here we observed some special restrictions such a structure places upon
nilpotent Lie groups.
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